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Abstract. This article presents the results of large-eddy simulations (LES) of fully developed turbulent

channel flow at Reτ ≈ 1000 using OpenFOAM solvers. The purpose of the work is two-fold. One is to

provide publicly available validation results for an important LES benchmark, together with the case
setup and codes used for post-processing. The second is to serve as an entry point for those starting

out with scale-resolving simulations of turbulence with OpenFOAM. To that end, the exposition of the

material is somewhat lengthier and more pedagogical than in a typical scientific paper. The simula-
tions cover a range of grid resolutions to demonstrate the sensitivity of the predictive accuracy to the

cell size. Furthermore, the results from the implicit LES are compared with those obtained using the

Sigma subgrid-scale model. The post-processing aims to cover most quantities typically considered in
the analysis of a turbulent flow, including velocity statistics up to fourth order, fluctuations of vorticity,

spatial spectra and two-point correlations, linear spectral coherence, and the budget of the turbulent
kinetic energy. To facilitate the analysis, we draw on both built-in OpenFOAM capabilities and com-

munity contributions. The results show that upon sufficient resolution of the inner scales, OpenFOAM

accurately simulates wall-bounded turbulence, showing excellent agreement with reference data from
direct numerical simulations. However, explicit subgrid scale modelling fails to improve the simulations’

accuracy.

1. Introduction

A fully developed turbulent channel flow is defined as a flow between two infinite walls, driven by a
constant pressure gradient strong enough to transition to the turbulent regime. Since pioneering stud-
ies [1–4] this flow has been used for studying wall-bounded turbulence, validating the implementation of
scale-resolving simulation approaches, such as large-eddy simulation (LES) and direct numerical simula-
tion (DNS), and benchmarking new turbulence models. The reason why turbulent channel flow is such
an attractive case is that while exhibiting the complexity of turbulent boundary layers, it is geometrically
very simple and does not require inflow or far-field boundary conditions. To illustrate the rich physics of
this flow, a snapshot of a spanwise slice of the velocity magnitude from one of the simulations presented
below is given in Fig. 1. The multiscale nature of turbulence is clearly visible, with eddies becoming
smaller towards the two walls.

Without aiming for a comprehensive review, we highlight several more recent studies on channel flow,
many of which originate from the group of Jiménez. These include investigations into the scaling of
velocity spectra [5] and velocity fluctuations [6], the influence of the Reynolds number [7], and the effect
of domain size [8], among others [9, 10]. A major milestone was reached in the DNS study by Lee and
Moser [11], which achieved a friction Reynolds number of Reτ ≈ 5 200 (defined below). We, like many
others, use this dataset as a reference in our work. It has also been employed in subsequent studies
on wall-bounded turbulence, such as the work of Lee and Moser [12]. More recently, two DNS studies
have extended the simulated Reynolds number further, reaching Reτ ≈ 8 000 [13] and Reτ ≈ 10 000 [14],
respectively. This body of works has provided significant insights into the physics of wall-bounded
turbulence.
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Figure 1. A spanwise slice of the velocity magnitude field, scaled with the bulk velocity
(see Eqn. (3)), from the simulation on the M3 mesh (details in Section 3).

Given how important channel flow is as a benchmark, it is not surprising that several previous
OpenFOAM-related works presented results for it, for example Refs. [15–18]. This paper also presents a
validation study, mainly for OpenFOAM’s transient incompressible solver pimpleFoam. The main novelty
is that we consider a high Reynolds number, Reτ ≈ 1000, and a rich set of simulation outcomes: single-
point statistics of velocity up to fourth order, vorticity fluctuations, spatial two-point correlations and
spectra, linear spectral coherence, the Reynolds stress anisotropy map, and the budget of the turbulent
kinetic energy. Furthermore, several grid resolutions are considered to provide an intuition for the sensi-
tivity of the results to this important simulation parameter. Additionally, we evaluate the performance
of subgrid scale modelling and its connection to numerical dissipation.

Accompanying the paper is a data and code repository containing ready-to-run OpenFOAM cases, the
obtained flow statistics for each case, and Python codes used for post-processing. The repository’s goal
is to facilitate reproducibility and serve as a point of entry for new users of OpenFOAM who would like
to use it for scale-resolving simulations. In the same spirit, the text of this article is adjusted to be more
accessible to newcomers in the field. An attempt is made to occasionally convey not only “hard facts”
but also some subjective experiences of the authors. That being said, familiarity with the basic theory
of wall-bounded turbulence is still assumed. The material of Chapter 7 in Pope’s textbook [19] would be
more than sufficient.

The remainder of the paper is structured as follows. Section 2 presents the computational fluid
dynamics (CFD) methods used in the study and also touches on possible modifications for more applied
cases. The setup of the channel flow simulations is discussed in Section 3. In Section 4, the results of the
simulations are analyzed. Finally, Section 5 gives concluding remarks.

2. Computational fluid dynamics methods

The governing equations for LES of incompressible flow are formulated as
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Here, summation over repeated indices is implied, and i indexes the three spatial coordinates, xi. The
velocity components are denoted with ui; the density is � and the pressure p. For convenience, we also
use the triples (x, y, z) and (u, v, w), indicating the streamwise, wall-normal, and spanwise coordinate
directions, and the respective components of the velocity vector. The symbol �ij indicates the total
deviatoric stress tensor. The latter is composed of the resolved and subgrid contributions,

�ij = 2�Sij + � sgsij ; (2)
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�
is the strain rate tensor, � is the kinematic viscosity of the fluid, and � sgsij the subgrid stress (SGS) tensor.

The unknowns, ui and p, are considered to be implicitly spatially filtered by the computational grid.
Since this is valid throughout the paper, we do not introduce any additional notation to denote the
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�ltering. In the context of the cell-centered �nite volume method used in OpenFOAM, implicit �ltering
is equivalent to a �lter kernel de�ned as the reciprocal of the local cell volume. Note that while this
approach is very common, the consequence is that the de�nition of the unknowns is coupled to the grid.
In other words, ui and p formally represent a di�erent quantity whenever the grid is changed. So, by
de�nition, grid convergence is impossible for this type of LES. However, as the grid size reduces, one will
e�ectively transition to a direct numerical simulation (DNS).

The subgrid stress tensor� sgs
ij requires modelling. A plethora of models have been proposed through

the years, most of them based on the Boussinesq hypothesis, which states that� sgs
ij can be modelled as

2� sgsSij , where� sgs is the subgrid viscosity. Under this assumption, it is possible to lump the subgrid and
molecular viscosity stresses into one term. The classical model of this kind is the Smagorinsky model [20],
which requires near-wall modi�cation to avoid excessive dissipation. Other algebraic models have recently
gained popularity in the engineering community due to their simplicity and low computational overhead.
These include the Vreman model [21], the WALE model [22], and the Sigma model [23]. The latter two
are available in OpenFOAM, whereas the Vreman model is not. Here, we select the Sigma model for
the studies on the in
uence of SGS modelling. The eddy viscosity �eld produced by this model satis�es
four important principles. It is always positive; it exhibits cubic behaviour towards the wall; it is zero
for two-component or two-dimensional 
ows; it is zero for axisymmetric 
ows and isotropic expansion or
contraction.

As an alternative to modelling the subgrid stress tensor, one can simply ignore it. The key consideration
here is the relationship between the subgrid scale viscosity and the numerical one. One can argue that
introducing � sgs is pointless when its contribution is anyway smaller than the numerical di�usion. Komen
et al. [24] show that for OpenFOAM, this is a common scenario. Not having an SGS model is sometimes
referred to as implicit LES. However, originally that term implied a speci�c selection of numerical schemes
such that the truncation error would �t for the job of modelling the subgrid stresses, see the article of
Fureby and Grinstein [25] and references therein. In the current work, most simulations are performed
with no explicit SGS modelling. However, in Section 4.6, we compare the results from implicit LES with
a simulation with the Sigma model.

We now consider the various choices for discretizing Eqn. (1) in OpenFOAM and solving the resulting
system of equations. Generally, the choice of numerical schemes is dictated by the balance between the
desire to achieve the best accuracy and the necessity to introduce a certain amount of numerical di�usion
to keep the simulation stable. Here, the channel 
ow simulations are performed on �ne orthogonal
hexahedral grids and a time-step that holds the maximum Courant{Friedrichs{Lewy (CFL) number [26]
below 0.5 (see Appendix B for an analysis of the e�ect of the timestep size). Consequently, it is possible
to aim for best accuracy without compromising the stability. In particular, we use linear interpolation,
Gauss linear , for convection, di�usion, and gradient terms, which is second-order accurate. No limiters
are applied. For the di�usion term, additional corrections are typically necessary to account for grid non-
orthogonality [27], but in our case we can omit them (useorthogonal surface-normal gradient schemes).
The second-order backward-di�erencing scheme,backward, is used for time-integration, which is generally
a very stable implicit scheme and a good �rst choice in OpenFOAM when second order is desired.

We note that for convective 
uxes, an alternative to the linear scheme is to use midpoint interpolation.
This is no longer second-order accurate on stretched grids, but possesses the attractive property of
preserving the kinetic energy of the 
ow in the inviscid limit [18].

We use a segregated method to solve the governing equations, employing the PISO algorithm [28], as
implemented in pimpleFoam, when the so-called outer correction loop is not in use. At each time-step, 3
iterations of the pressure correction loop are performed. This choice is, perhaps, conservative as PISO is
often de�ned as an algorithm with 2 correction steps, following the original article by Issa [28]. However,
we are not aware of any studies that carefully measure the e�ect of this parameter on the accuracy of
LES.

Considering the choice of the algorithms indicated above, two linear solvers should be selected: one
for the velocity components and one for the pressure. Of the two, the pressure solver plays a much
bigger role in the runtime of the simulation. The bi-conjugate gradient solver, equipped with a diagonal-
based incomplete LU (DILU) preconditioner, can be used for the velocity. Another valid choice would
be OpenFOAM's smoothSolver . For pressure, we consider two options: the multigrid solver called
GAMGand a preconditioned conjugate gradient solver,PCG, coupled with a diagonal-based incomplete
Cholesky preconditioner (DIC). The latter is equivalent to DILU for the case of symmetric matrices. It is
necessary to consider both the theoretical properties of the solver's algorithms and its parallel e�ciency.
Some recent benchmark data comparing di�erent OpenFOAM solvers can be found in the work of Bn�a
et al. [29]. Essentially, GAMGoutperforms PCG-DICat lower core counts, with parity achieved somewhere
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between 1000 and 2000 cores. This data is in line with the authors' experience. However, the multigrid
solvers o�er a vast number of tunable parameters that could, in principle, improve its performance.
In particular, the importance of the processor agglomeration algorithm has been highlighted in a talk
by T. Holzmann at the 18th OpenFOAM Workshop. Unfortunately, those details were not published.
Finally, we also point out the availability of bindings to the PETSc library, which o�ers a vast set of linear
solvers. The multigrid solver, in particular, has demonstrated excellent scaling and performance [29]. The
bindings are distributed as a submodule inside the OpenFOAM code base, and we encourage the reader
to consider them for their simulations. In general, we recommend thePCG-DICpair as the initial choice
for any simulation, as it requires little tuning, scales well, and is robust enough to tackle poorer grids,
initial conditions, etc. Once the simulation is running, the alternatives discussed above can be explored.

3. Fully developed turbulent channel 
ow

A fully developed incompressible turbulent channel 
ow is completely de�ned by the value of the
Reynolds number, which should be constructed based on a length and velocity reference scale. For the
former, the channel half-height, � , is commonly used, although the full height is sometimes used instead.
For the velocity, one can consider the bulk velocity,Ub, or the friction velocity, u� . Other choices, like
the centreline velocity, are also possible but are seldom used in practice.

At this point, we introduce the overline operator, denoting a combination of temporal and spatial
averaging in the wall-parallel directions (x and z). The latter is always used for channel 
ow since
the streamwise and spanwise directions are statistically homogeneous, which means we can enhance the
accuracy of the temporal statistics by averaging them across thex-z plane.

The bulk velocity is de�ned as the temporal and spatial average of the velocity �eld across the entire
channel. In other words, it is the integral of u across the channel height,

Ub =
1
�

Z �

0
�udy: (3)

The friction velocity, u� is constructed from the mean magnitude of the wall shear stress,� w , as

u� =
p

� w =� =

s

�
du
dy

: (4)

The corresponding Reynolds numbers are de�ned as Reb = Ub�=� and Re� = u� �=� . It is important to
recognize that Re� can be written as the ratio of the outer and inner length scales of the 
ow: �=� � ,
where � � = �=u � is the inner (viscous) length-scale. Another useful observation is that Re� is equal to
the value of y+ = y=� � at the center of the channel. The plus superscript will be used to denote inner
scaling of all quantities in the remainder of the paper.

Both Reb and Re� can be used to de�ne the same 
ow, but the exact functional relationship between
these two Reynolds numbers is unknown. To set Reb, one needs to enforceUb during the simulation. This
task is typically done using a simple controller, which adjusts the strength of the source term, driving
the 
ow at run time such that the desired Ub is maintained. In OpenFOAM, this functionality is readily
available as anfvOption called meanVelocityForce .

Physically, the source term is interpreted as the mean pressure gradient driving the channel 
ow. Its
strength can be computed directly [30] as

�
d�p
dx

=
� w

�
: (5)

This equation represents the mean momentum balance in the channel. Note that Eqn. (4) and Eqn. (5)
provide an explicit formula for the magnitude of the mean pressure gradient necessary to obtain a chosen
u� . In OpenFOAM, the source can be set using thefvOption called vectorSemiImplicitSource .

When one of the two Reynolds numbers is set to be exact, the other will be an outcome of the
simulation. So, if Reb is set, there will generally be some error in Re� and thus the velocity gradient at
the walls. Conversely, for a set Re� that gradient will be exact, but some error in Ub can be expected.

An important practical consideration is that setting Re b usually leads to much shorter transient times
necessary to achieve fully developed turbulence. For this reason, this approach is employed here. In
particular, we consider channel 
ow at Reb = 20 000, for which high-quality DNS data is provided by Lee
and Moser [11]. This latter reference shows that this corresponds to Re� � 1000.

Having de�ned the physical conditions to be simulated, it is necessary to choose the size of the compu-
tational domain. Since the streamwise and spanwise directions are statistically homogeneous, the domain
dimensionsL x and L z should be chosen according to the size of the turbulent structures present in the

ow. The largest such structures are � � , which means L x and L z should be some multiple of that.
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Statistically, the aim is to have the 
ow completely decorrelated across the dimensions of the domain.
Otherwise, a spurious correlation would be introduced by the computational setup, thus contaminating
the result. It should be noted that since spatial averaging is used to improve the convergence of the statis-
tics, a larger domain, in principle, allows smaller physical simulation times. This introduces a correction
to the extra computational e�ort required to run using a larger domain.

An in-depth analysis of the in
uence of the size of the domain on channel 
ow simulation outcomes has
been performed in the work of Lozano-Dur�an et al. [8]. The outcome is that L x = 2 �� and L z = �� are
su�cient to reproduce single-point statistics faithfully. However, in our experience, this necessitates very
long averaging times to obtain convergence. Moreover, we aim to capture two-point statistics, such as
energy spectra. Therefore, here we setL x = 8 � and L z = 6 � , exceeding the bare minimum requirements.

We now turn to boundary conditions. Periodic boundary conditions (the type cyclic in OpenFOAM)
are applied in the homogeneous directions. At the walls, the velocity is set to zero per the no-slip
condition, whereas for pressure, the value of the gradient is set to zero.

For the 
ow in the channel to transition to turbulence, it is necessary to introduce some perturbation
in the initial conditions that would trigger the transition. When using the linear scheme for convective

uxes, accompanying numerical oscillations are sometimes su�cient to do the job, particularly at higher
Re-numbers where the 
ow is very unstable. Nevertheless, it is better not to start from a uniform velocity
pro�le. Here, we set the initial velocity �eld as

u =
u�

�
log(y+ + 1) + u� B + "k z sin(kx x) cos(kzz);

v = " sin(kx x) sin(kzz); (6)

w = "k x cos(kx x) sin(kzz):

Here, " = 0 :03, kx = 8, kz = 9, � = 0 :41, B = 5 :5. The �rst three parameters and the form of the
harmonics in Eqn. (6) are not carefully selected, and the expression, in general, is not tuned in any
way (the resulting �eld is not divergence-free, for example). It was simply observed that this harmonic
perturbation is su�cient to trigger the transition. The expression for the streamwise component is
augmented with the classical log-law of the wall to mimic somewhat the mean velocity pro�le. The value
of u� used here is based on the expected Re� .

Note that once one has conducted a channel 
ow simulation and needs to run a new one (on a di�erent
grid, for example), an excellent idea is to map the instantaneous velocity from the old simulation to use
as initial conditions. In OpenFOAM, the mapFields utility can be used to that end. In this work, for
consistency, we initialize all the simulations using Eqn. (6).

An important task is to identify the time to start collecting the temporal statistics, which should be
based on monitoring the development of the transient associated with the initial conditions. Here, we use
the spatially-averaged value ofu� on one of the channel walls. This is easily set up using a combination
of the yPlus function object, which computes the y+ value at the �rst o�-wall cell center, and the
surfaceFieldValue function object, which will compute the spatial average on the wall. Knowing � and
the distance to the o�-wall cell center, we can easily recover the signal foru� during post-processing. An
alternative could be to use the volume-averaged kinetic energy of the 
ow.

As usual, one should also consider the relevant characteristic scales. In particular, time may be non-
dimensionalized using the eddy turnover time (ETT), �=u � . We may expect that at least a few ETTs will
be necessary to eliminate the transient. Similarly, we should relate the time span used for averaging to
the ETT. The necessary span depends on the order of the collected statistical moments|as higher order
moments converge slower|and also on the domain size, as discussed above. We average across 25 ETT,
which should be su�cient for at least �rst- and second-order moments, based on the literature (see, for
example, Table 1 in Lozano-Dur�an et al. [8]).

A typical evolution of the spatial average of the instantaneous u� is shown in Fig. 2. (Unlike in
Eqn. (4), we only average the velocity gradient across thex-z plane to get the time-local friction velocity
and see how that develops in time.) The �rst 12.5 ETTs are treated as the transient, whereas the rest
of the signal, right of the vertical dashed line, indicates the averaging window. It is clear that towards
the end of the simulation, the value of averageu� is stabilized. To perform the temporal averaging in
OpenFOAM, the fieldAverage function object is used. To further average spatially overx and z, the
postChannelFlow 1 utility is employed, which is an improved version of the built-in postChannel .

It should be noted that the method employed here to �gure out the transient's length relies, to some
extent, on knowing the ETT a priori . In such cases, a reasonable guess is readily available, and one
can run the simulation for that duration and verify the estimate by examining a diagnostic quantity, like

1Available at https://github.com/timofeymukha/postChannelFlow
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u� . Afterward, the collection of statistics is commenced. A more general approach involves determining
the length of the transient a posteriori. For that, the averaging is started immediately, but is restarted
periodically after some �xed time interval. These window-averaged quantities are saved to disk at the
end of each interval, forming a series of outputs for the statistics|commonly referred to as batches.
After the simulation is �nished, one can evaluate the transient in the same manner as before, and simply
remove the batches that are considered contaminated by the transient. Afterward, one can average
across the remaining batches to get the �nal statistics. OpenFOAM does support window-averaging
in the fieldAverage function object. The only downsides of this approach are the increased storage
requirements and the additional post-processing step.

We also note that using exactly 12.5 ETTs as the end of the transient is essentially an ad hoc choice
based on a visual inspection of theu� trend (Fig. 2). Similarly, using 25 ETTs for collecting the statistics
is selected based on prior studies, which is not possible if a new 
ow is considered. A better alternative is
to rely on mathematical estimators for the errors in the sampled statistics. We refer the reader to thesis
of Xavier [31] for an overview of relevant works, e.g. Refs. [32{34]. In the recent article by Rezaeiravesh
et al. [35] the authors demonstrate how the error estimation can be donein situ , that is, during the
simulation runtime.

Figure 2. Dotted blue line: The time-evolution of the instantaneous friction velocity
averaged across the bottom wall of the channel, normalized by the reference DNS value,
udns

� . Data from the simulation on the M3 grid. Solid blue line: the running temporal
average of the data shown by the dotted line. The dashed vertical line shows the start
time of the averaging. The value ofudns

� is also used to scale the abscissa.

While fieldAverage can be used for single-point statistics, there is no convenient way to collect
two-point statistics on the 
y, so this has to be done a posteriori. The probes function object is used
to sample the velocity and pressure from the entire half-plane inz-y, spanning from 0 to � in y. For
the largest grid (see below), this amounts to 1000� 116 probes. The sampling is set to occur every
�fth time-step to reduce the �le sizes. Despite that, the probe �le is around 650 GB for the largest
case. To reduce the �le size and make it possible to lazy-load the data into RAM memory, the ASCII
�les produced by OpenFOAM are converted to the HDF5 format, using the functionality in the Python
library ofreaders 2. This reduces the size by approximately a factor 5, i.e. 130 GB. This is, unfortunately,
still too large to share in the Git repository accompanying this article. We should also note that the
half-plane-based statistics are, by de�nition, not as well converged as the ones where the averaging is
applied in both x and z. The di�erence is examined in Appendix A and is shown to be negligible for
second-order statistics.

The remaining aspect of the computational setup to be discussed is meshing. The best practices for LES
meshes of boundary layer 
ows are generally well established. The guidelines are based on the knowledge
of the characteristic sizes of turbulent structures populating the near-wall region (see Section 4.4). The
smallest energetic eddies are present in the inner layer; therefore, their resolution drives the total mesh
size. Consequently, it is common to reason about the mesh size in terms of viscous units, i.e., �x+ , � y+ ,
and � z+ . For the wall-parallel resolution in a DNS, one would typically aim for � x+ = 10, � z+ = 5
or less. For example, for the reference DNS used here [11] the values are �x+ = 10:9, � z+ = 4 :6. For

2Available at https://gitlab.com/chalmers-marine-technology/ofreaders
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LES, � x+ = 25, � z+ = 10, and even somewhat larger grids should be acceptable, although it will be
shown below that the accuracy of second-order statistics deteriorates quite fast. The cost of LES of
wall-bounded 
ows is thus not that signi�cantly smaller than DNS. Results from OpenFOAM channel

ow simulations on a range of grid sizes can be found in, e.g., Refs. [17, 24, 36, 37]. If forced to choose
whether to compromise on the spanwise or the streamwise resolution, it appears more pro�table to re�ne
in z; see, for example, results in the thesis of Mukha [37]. But overall, the convergence pattern of 
ow
quantities with re�nement is di�cult to predict [38,39].

For the wall-normal direction, the grid size distribution is a function of the distance from the wall. In
the bulk of the channel, the eddies are of sizes� � , and the mean velocity pro�le is quite 
at. On the
other hand, in the direct proximity of the wall, strong velocity gradients are present, requiring � y+ � 1
to resolve them correctly. Coupling these regions is the log-layer, where the size of the eddies grows as
� y. This is a very basic description, but it is su�cient to justify the commonly used meshing approaches,
which all bias the resolution towards the wall.

Here, 3 grids are used, referred to as M1, M2, and M3. A summary of the mesh sizes can be found
in Tab. 1. For M1, � x+ = 40, � z+ = 24, and for M2 and M3, these sizes are reduced by a factor of,
respectively, 2 and 4. Thus, M3 is close to DNS resolution in the wall-parallel direction. For the wall-
normal resolution, we use the approach developed by Rezaeiravesh and Liefvendahl [40]. The resulting
distribution for M1 is shown in Fig. 3. A region of constant resolution is observed near the wall, with
� y+ � 0:8. In the bulk of the channel, the resolution is also constant, measuring �y+ � 36, which
corresponds to�=25. Connecting these two regions is a block of cells for which a geometric expansion
factor is applied. For grids M2 and M3, the wall resolution of grid M1 is re�ned by a factor of 2. As
a result, M3 lacks an additional wall-normal re�nement to bring the grid to the level of a DNS in all
three spatial directions. Unfortunately, this would put the simulation cost outside the available core-hour
budget.

Figure 3. The wall-normal mesh size distribution for mesh M1.

Tab. 1. Computational meshes. Size in inner units computed using the DNS [11] value
of � � , for consistency.

Mesh Nx Ny Nz N tot � 10� 6 � x+ � z+ max(� y+ )
M1 200 115 250 5:8 40 24 36
M2 400 232 500 46:4 20 12 18
M3 800 232 1000 185:6 10 6 18

4. Results

4.1. E�ect of grid resolution. We begin the analysis by considering single-point statistics of velocity
and vorticity from simulations M1, M2, and M3. Here and below, we compare our results with two DNS
datasets. The main reference is the data of Lee and Moser [11]. However, it does not provide the values of
skewness and 
atness. Therefore, we use an alternative dataset [41] produced using the pseudo-spectral
code SIMSON [42].



8 T. Mukha and M. Parsani

The mean streamwise velocity is shown in Fig. 4. In outer scaling, the results are di�cult to distinguish,
and all three curves overlap quite well with the DNS data. This is typical when Reb, and thus the correct
volumetric 
ow rate, is enforced. Even on very coarse grids, the mean velocity may look accurate in outer
scaling in this setup. The plot in inner scaling reveals more di�erences among the results on di�erent
meshes. One should be mindful that errors inu� are propagated into the pro�les in this scaling. For
example, here we see that the M1 curve appreciably over-predicts the DNS. Looking at the computed
errors in u� listed in the �rst 3 rows of Tab. 2, we see that for M1, the value is under-predicted, which
explains the behavior of �u+ . For the other two simulations, the error in the friction velocity is much
smaller, so the inner-scaled velocity pro�le becomes more accurate. The change from M2 to M3 is quite
small. For both pro�les, the errors are mainly visible close to the centreline of the channel.

Tab. 2. Relative error in the friction velocity.

Simulation Relative error
M1, pimpleFoam, Implicit -6.72 %
M2, pimpleFoam, Implicit -1.68 %
M3, pimpleFoam, Implicit -1.39 %
M1, RKSymFoam, Implicit -3.91 %
M2, RKSymFoam, Implicit 0.2 %
M1, pimpleFoam, Sigma model -7.58 %
M2, pimpleFoam, Sigma model -2.34 %
M1, RKSymFoam, Sigma model -4.86 %

Figure 4. Mean streamwise velocity pro�les in outer (left plot) and inner (right plot) scaling.

Next, the Reynolds stresses are considered, see the top row of Fig. 5. The pro�les are shown in inner
scaling since it is more sensitive, as discussed above. As expected from the analysis of mean velocity, the
results on grid M1 are not accurate, except the shear stressu0v0+ . The error structure for M1 is very
typical of under-resolved LES; see, for example, the conclusions in Komenet al. [24]. The peak inu0u0+

is over-predicted, whereas the values in the center of the channel are under-predicted. The stress values
are too small for v0v0+ and w0w0+ . The underlying reason is the under-prediction of the pressure strain
rate term in the evolution equations of the normal stresses, which is responsible for redistributing the
energy between them [24].

What di�ers from previous observations regarding �u+ is the clear increase in accuracy from M2 to M3.
Indeed, for M3, the agreement with DNS is excellent. But there is some degree of error cancellation at
play. Recall that the error in u� pushes the pro�les up, and all the M3 curves still slightly under-predict
the DNS. The largest error is for the v0v0+ component, which is perhaps to be expected since the mesh
in this direction is not re�ned with respect to M2. For completeness, we also show the pro�les of the
turbulent kinetic energy, k = 0 :5

P
i u0

i u
0
i (Fig. 5, bottom row).

The mean velocity and Reynolds stresses constitute the basic quantities to be analyzed when studying
a turbulent 
ow with LES. As the next step, we consider the second-order statistics of vorticity. This
quantity relies on the accurate computation of the velocity gradients. This makes its prediction a more
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Figure 5. Top row: Reynolds stress pro�les in inner scaling. Solid lines:u0u0+ ; dashed
lines: u0v0+ ; dotted lines: v0v0+ , dash-dotted lines: w0w0+ . Bottom row: The turbulent
kinetic energy pro�les in inner scaling.

di�cult task, and typically, the results for vorticity are somewhat less accurate than for velocity. This
holds for the curves presented in Fig. 6. However, for the M3 mesh the results are still very good for all
components but the ! 0

x ! 0
x

+
, for which the values are under-predicted in the bu�er region.

Figure 6. (Co-)variances of vorticity components. Solid lines: ! 0
x ! 0

x
+

; dashed lines:
! 0

x ! 0
y

+
; dotted lines: ! 0

y ! 0
y

+
; dash-dotted lines: ! 0

z ! 0
z

+
.
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We continue the analysis with the consideration of higher-order statistics of velocity, namely skewness
and 
atness (kurtosis), i.e. the third and fourth standardized moments de�ned as

S� =
� 03

� 023=2
; F� =

� 04

� 022 ; (7)

where � is some quantity. Skewness measures the asymmetry of the probability density function (PDF),
with positive skewness indicating a longer right tail and the opposite for negative skewness. Flatness
measures the heaviness of the tails, meaning that high values ofF� indicate a larger contribution of
outliers.

Recall that we use the in-plane sampled probe data to compute these statistics, meaning that they are
less converged than the pro�les of the other quantities in this section. In combination with the fact that
higher-order statistics take a longer time to converge in general, the averaging errors cannot be considered
negligible. For channel 
ow, the spanwise component of the skewness,Sw , should be zero-valued, so its
pro�le indicates how well the third-order moments are converged. The corresponding curves are in the
right plot of Fig. 7, and the spread around zero is appreciable. Nevertheless, we see that for mesh M3,
the agreement for Su is excellent, and for Sv , the deviation is mainly restricted to the log-law region.
The e�ect of mesh resolution is very strong, with a clear bump in accuracy with every re�nement.

Figure 7. The pro�les of skewness for the three velocity components.

The 
atness values are shown in Fig. 8. The pro�les for Fv and Fw demonstrate the di�culty of
predicting extreme near-wall events, a study of which can be found in Lenaerset al. [43]. For Fw , on
mesh M3, the LES comes close to DNS data, but forFv , the resolution remains insu�cient, and the
rare high-v0 events are not fully captured. Away from the wall, both quantities are well-predicted on all
meshes. Note that the value of 3, which they approach, corresponds to the Gaussian distribution. The
situation is somewhat reversed for the streamwise component: the agreement with DNS is better close
to the wall.

To summarize the grid re�nement study, it is clear that the M1 grid resolution is not su�cient to
capture the 
ow physics faithfully. The wall friction, a critical parameter for many applications, is
not captured well, with � 7% error in the friction velocity (and thus nearly 13% for the skin friction
coe�cient). Using the M2 grid, the results improve signi�cantly, with the mean 
ow well captured and
the Reynolds stresses arguably well-represented. Recall that M2 has wall-parallel resolution �x+ = 20,
� z+ = 12, which, according to our results, can be considered the upper bound for getting good predictive
accuracy. The results on the M3 grid match the DNS very well for an LES. Certain deviations are observed
for the vorticity 
uctuations and the high-order statistics (the latter possibly due to lack of convergence).
However, the results provide strong evidence that using a DNS grid (which would be M3 re�ned by a
factor of � 2 in the wall-normal direction) and a larger domain size, the agreement for the quantities
analyzed in this section would be on the same level of discrepancy as among the existing DNS databases.

4.2. Turbulent kinetic energy budget. The analysis proceeds with considering the term budget of
the turbulent kinetic energy, k, concentrating on the results obtained with mesh M3. For the derivation
of the transport equation for k, the reader is referred to, for example, Chapter 7 in Pope's textbook [19].
The terms can be split into three categories: the production ofk by the mean velocity gradients, its
dissipation to internal energy, and transport terms that redistribute the energy in space. The latter
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Figure 8. The pro�les of 
atness for the three velocity components.

category consists of three terms: viscous transport, turbulent transport, and pressure transport. To
compute these terms, we use the programrunTimeChannelBudgets developed by J. Hopman [44]. This
software provides a function object to compute the budget terms in the course of the simulation, and an
executable utility to post-process them into one-dimensional pro�les across the channel.

Figure 9. Inner-scaled budget terms in the transport equation for turbulent kinetic
energy, k. Orange lines: the simulation on the M3 grid; black lines: reference DNS [11].

The results are presented in Fig. 9, focusing on the inner layer and intentionally matching the plot
style of Pope [19] for the reader's bene�t. The agreement with the DNS is generally very good. While not
aiming for a complete analysis, the following key observations can be made about the observed pro�les.
The transport terms above the bu�er layer are small. This means that k is produced and distributed
locally, and the boundary layer is in so-called \equilibrium" (see Section 4.2.3 in Spalart's article [45]
for a critical discussion of this concept). The mentioned locality is crucial for some turbulence modeling
approaches where the grid does not resolve the inner layer well, e.g. wall-modelled LES. The production
peak is located in the bu�er layer and exceeds the local dissipation. This excess of energy is transported
away, and viscous transport, in particular, is active all the way to the wall, where it compensates for
dissipation.

4.3. Reynolds stress anisotropy. This section analyzes the Reynolds stress tensor using a so-called
anisotropy-invariant map. One motivation for looking at the Reynolds stresses in more detail is that
providing means of computing them using mean 
ow characteristics constitutes Reynolds-average Navier-
Stokes modeling.

A brief discussion of the technique can be found in Chapter 11 in Pope's textbook [19], and a more
detailed one in Banerjeeet al. [46]. Reviewing the properties of second-order tensors (see, e.g., Appendix
B in Ref. [19]) may also be useful. Recall that since the Reynolds stress tensor is symmetric, one can �nd
a set of so-called principal axes that form a coordinate system in which the tensor is diagonal. The values
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on the diagonal are the eigenvalues of the tensor, which we denote as� Re
i . Note that all three must be

non-negative because they still represent the variance of the velocity components in the new coordinate
system.

Now, consider the normalized deviatoric part ofu0
i u

0
j de�ned as

bij =
u0

i u
0
j

2k
�

1
3

� ij ; (8)

where � ij is the Kronecker delta. Sincebij is by construction traceless, the sum of its eigenvalues,� b
i , is

zero. Therefore, given some� b
1 and � b

2, the last eigenvalue is found as� b
3 = � � b

1 � � b
2. This gives rise to

the idea of characterizingbij by two invariant scalar measures. Furthermore, it is easy to show that� Re
i

and � b
i are connected as

� b
i =

� Re
iP 3

j =1 � Re
j

�
1
3

: (9)

Due to the aforementioned non-negativity criterion for � Re
i , this puts constraints on what � b

i are physically
realizable. Producing only realizable stress tensors is desirable for any turbulence model.

It is possible to map out bij using its eigenvalues directly, but the more standard approach, introduced
by Lumley and Newman [47], is to consider the invariants of this tensor. Recall that a second-order
tensor has three principal invariants. The �rst one is the trace, but since bij is deviatoric, it is not useful.
The other two are

II b = � b
1� b

2 + � b
1� b

3 + � b
2� b

3; (10)

III b = � b
1� b

2� b
3: (11)

In later works, for example, Choi and Lumley [48] and in the textbook of Pope [19], yet another set of
scalars is used, de�ned as

� 3 = III =2; � 2 = � II =3: (12)

The selection of the two scalars changes the shape of the realizability region and the trajectory of the
state of bij (as it changes in time or in space). Generally, the former has a form akin to a triangle and is
referred to as the Lumley triangle in the literature. As seen in Fig. 10, in � -� , two sides of the triangle
are actual lines.

Di�erent parts on the boundary of the triangle correspond to speci�c limiting states of the anisotropy.
In particular, the lower corner corresponds to a fully isotropic Reynolds stress tensor. From Eqn. (9),
it is easy to see that if some� b

i is set to � 1=3, then the corresponding� Re
i becomes zero. Accordingly,

the state when exactly one� b
i is � 1=3 is referred to as two-component turbulence and corresponds to

the triangle's upper boundary. Using the geometrical analogy between eigenvalues� Re
i and the semiaxes

of an ellipsoid, the two-component case corresponds to the ellipsoid degenerating into a disk. In the
top-right corner, the turbulence becomes one-component, for which two� b

i are � 1=3, and the ellipsoid
collapses to a line. The two linear sides of the triangle correspond to \axisymmetric" cases for which two
of � b

i are equal. Here, the term axisymmetric again refers to the two ellipsoid axes being equal.

Figure 10. Anisotropy map of the Reynolds stress tensor. For the M3 results, color
encodes increasingy+ from black to yellow. Every �fth point is shown for the DNS data
to avoid cluttering.
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