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Abstract. The analysis of the Reynolds Stress Transport Equation (RSTE) provides fundamental phys-

ical insights that are essential for the development and validation of advanced turbulence models. How-
ever, a comprehensive and validated tool for computing the complete RSTE budget is absent in the

widely-used open-source Computational Fluid Dynamics (CFD) framework, OpenFOAM®. This work

addresses this gap by presenting the implementation and a posteriori validation of a function object
library for calculating all terms of the resolved RSTE budget in Large-Eddy Simulations (LES). The anal-

ysis of the Reynolds Stress Transport Equation (RSTE) provides fundamental physical insights that are

essential for the development and validation of advanced turbulence models. However, a comprehensive
and validated tool for computing the complete RSTE budget is absent in the widely-used open-source

Computational Fluid Dynamics (CFD) framework, OpenFOAM®. This work addresses this gap by
presenting the implementation and a posteriori validation of a function object library for calculating

all terms of the resolved RSTE budget in Large-Eddy Simulations (LES). The library is applied to

simulate two canonical wall-bounded turbulent flows: a channel flow and a pipe flow, both at a friction
Reynolds number of Reτ = 180. The implementation is validated through a mesh refinement study

where the results from the LES simulations are systematically compared against high-fidelity Direct Nu-

merical Simulation (DNS) data. The computed budget terms are observed to converge systematically
towards the DNS reference data. This validation demonstrates that the implemented library accurately

captures the intricate balance of all budget terms. This contribution provides the open-source CFD

community with a powerful utility for detailed turbulence analysis, thereby facilitating deeper physical
understanding and accelerating the development of next-generation turbulence models.

1. Introduction

The accurate prediction of turbulent flows remains a cornerstone of modern fluid dynamics, with
profound implications for a multitude of scientific and engineering applications [1,2]. While high-fidelity
approaches such as Direct Numerical Simulation (DNS) and Large-Eddy Simulation (LES) offer detailed
insights into turbulence physics, their prohibitive computational cost restricts their use to academic
studies at low Reynolds numbers [3,4]. Consequently, Reynolds-Averaged Navier-Stokes (RANS) models
continue to be the predominant tool for industrial Computational Fluid Dynamics (CFD) due to their
computational efficiency and robustness [5, 6].

The accuracy of RANS simulations is fundamentally dependent on the fidelity of the turbulence model
used to approximate the Reynolds Stress Tensor (RST). The majority of widely-used RANS models are
linear eddy-viscosity models, which rely on the Boussinesq hypothesis to relate the RST to the mean
rate of strain [7]. However, the assumption of modelling the RST following the Boussinesq hypothesis is
known to be invalid in a wide range of complex flows, including those with strong streamline curvature,
secondary flows, or significant body forces, leading to predictive inaccuracies [8,9]. To improve turbulence
models and gain a deeper physical understanding of complex flow phenomena, an analysis of the transport
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equation for the Reynolds stresses is highly valuable [10]. The exact transport equation for the RST,
which is called the Reynolds Stress Transport Equation (RSTE) here, but which is also often referred
to as the Reynolds stress budget, describes the evolution of the individual stress components. Each
term within this equation—such as production, dissipation, pressure-strain correlation, and turbulent
and viscous diffusion—represents a distinct physical mechanism responsible for the creation, destruction,
and redistribution of the Reynolds stresses. A term-by-term analysis of this budget therefore provides
crucial information that is essential for the development and validation of more sophisticated turbulence
closures, including second-moment closure models and advanced data-driven approaches [11–17].

Despite its diagnostic power, the detailed evaluation of the RST budget is not a standard feature in
many general-purpose CFD software packages. In particular, for the widely-used open-source CFD frame-
work OpenFOAM® [18], no readily available and validated utility for a general and comprehensive RST
budget analysis exists. The state-of-the-art in this specific matter only shows a well-defined codebase
where part of the RSTE budget terms can be calculated exclusively for channel flow [19] . This limitation
presents a significant barrier to researchers and engineers who require detailed turbulence analysis for
model development or for understanding the intricate physics of their specific applications. The imple-
mentation of such a tool is non-trivial, demanding careful numerical treatment to ensure accuracy and
consistency with the flow solver. To address this critical gap, a library for the calculation of all terms in
the resolved RSTE in LES has been developed and implemented within the OpenFOAM® framework.
This new functionality enables a complete decomposition of the resolved RST budget, providing a pow-
erful diagnostic tool for the turbulence modelling community. However, the development of the code
alone is insufficient; its credibility relies upon rigorous verification and validation. Therefore, a primary
contribution of this work is the comprehensive assessment of the implemented library against benchmark
data of the highest available fidelity.

The verification and validation of the developed tool have been performed against high-quality DNS
data from studies of canonical turbulent flows [20, 21]. By comparing the resolved RST budget terms
computed from OpenFOAM®-based highly resolved LES with the reference DNS data, a term-by-term
quantification of the implementation’s accuracy is achieved. This process ensures that the library provides
a reliable and accurate representation of the resolved RST budget, thereby establishing it as a trustworthy
tool for scientific research and advanced engineering analysis.

This study is organised as follows. The governing equations and the theoretical formulation of the
resolved RSTE are presented in Section 2. The numerical implementation of the budget terms as a
function object library in OpenFOAM® is detailed in Section 3. In Section 4, the results of the verification
and validation studies are presented, where the computed budget terms are compared against DNS data
for two benchmark cases. Finally, concluding remarks and an outlook on future work are provided in
Section 5.

2. Resolved Reynolds stress transport equations

This section gives an introduction to the resolved RSTE in LES. First, the general form is covered
in 2.1, including the Turbulent Kinetic Energy (TKE) budget. After this, the resolved RSTE formulation
in Cartesian coordinates is presented in 2.2. Finally, a short discussion of alternative coordinate systems
is given in 2.3.

2.1. General form. Consider the incompressible Navier-Stokes equations

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

, (1)

where ui is the velocity vector, p is the pressure, ρ is the (constant) density, ν is the kinematic (density-
weighted) viscosity, and Einstein’s summation over repeated indices is implied. For most cases of engi-
neering interest, a direct solution is not possible due to its high computational cost. Instead, the RANS
equations are solved. These are derived by averaging of the Navier-Stokes equations in Eq. 1, which
gives [2]

∂〈ui〉
∂t

+ 〈uj〉
∂〈ui〉
∂xj

= −1

ρ

∂〈p〉
∂xi

+ ν
∂2〈ui〉
∂xj∂xj

− ∂

∂xj
〈u′iu′j〉. (2)

Here, 〈 · 〉 is an averaging operation, the fluctuating variables are defined as f ′ = f − 〈f〉, and 〈u′iu′j〉 is
the RST. Thus, to solve the RANS equations in Eq. 2, a model for the unknown RST must be specified in
terms of known mean fields, e.g. 〈ui〉 and its derivatives. For modelling the RST, its governing equations
known as the RSTE, are of central importance. The total RSTE for the full velocity and pressure fields
can be derived from the Navier-Stokes equations in Eq. 1, see, e.g. [2].
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Here, however, the focus is on the resolved RSTE, which are related to LES. In LES, a low-pass filter,
denoted ·̃, is applied to the Navier-Stokes equations in Eq. 1 to separate resolved scales from unresolved
subgrid scales. This results in the filtered Navier-Stokes, or LES, equations [2]

∂ũi
∂t

+ ũj
∂ũi
∂xj

= −1

ρ

∂p̃

∂xi
+ ν

∂2ũi
∂xj∂xj

− ∂τij
∂xj

, (3)

where τij is the subgrid-scale (SGS) stress tensor defined as

τij = ũiuj − ũiũj , (4)

representing the effect of unresolved scales on resolved scales. Performing an averaging of the LES
equations then leads to the filtered RANS equations

∂〈ũi〉
∂t

+ 〈ũj〉
∂〈ũi〉
∂xj

= −1

ρ

∂〈p̃〉
∂xi

+ ν
∂2〈ũi〉
∂xj∂xj

− ∂〈τij〉
∂xj

− ∂

∂xj
〈ũ′iũ′j〉, (5)

where 〈ũ′iũ′j〉 is the resolved RST. For details on the connection between 〈u′iu′j〉, τij , and 〈ũ′iũ′j〉, the
reader is referred to [22]. The resolved RSTE can then be derived similarly to full RSTE, but starting
from the filtered Navier-Stokes equations in Eq. 3, see, e.g., [22]. In general index notation, i.e., without
specifying a coordinate system, the resolved RSTE can be written as

∂Rij
∂t

= Cij + Pij + Tij +Dp,ij + Φij +Dν,ij + εij + Πij , (6)

where Rij is the resolved RST. The remaining terms are: Cij convection, Pij production, Tij turbulent
transport, Dp,ij pressure-diffusion, Φij pressure-strain, Dν,ij viscous diffusion, εij viscous dissipation, Πij

subgrid-scale (SGS) term. Beyond the individual components of the resolved RSTE budget, the TKE
budget is often a primary quantity of interest in turbulence modelling [23]. It is obtained as half the
trace of Eq. 6 and reads

∂k

∂t
= Ck + Pk + Tk +Dp,k +Dν,k + εk + Πk, (7)

where k = 1
2 tr(Rij) is the resolved TKE, Ck = 1

2 tr(Cij) is the TKE convection, etc. It should be noted
that the pressure-strain term is absent from the TKE budget as it vanishes due to incompressibility;
Φk = 1

2 tr(Φij) = 〈p̃′∂j ũ′j〉 = 0.
In this study, LES using eddy viscosity-based SGS models are considered. Therefore, the deviatoric

part of the SGS tensor τij is modelled as

τdij = τij −
1

3
τkkδij = −2νtS̃ij , (8)

where S̃ij is the filtered rate-of-strain tensor and νt is the eddy viscosity. In LES, this deviatoric part
is included in the filtered momentum equations, while the isotropic part is absorbed into the a modified
pressure p∗ = p − 1

3τkk. In the remainder of this study, it is understood to be that the pressure and
SGS tensor used in the resolved RSTE are the modified pressure and deviatoric part of the SGS tensor.
Similarly, for simplicity, the asterisk superscript on the modified pressure is not written explicitly.
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2.2. Cartesian coordinates. In Cartesian coordinates and using the Einstein summation convention,
the terms on the right-hand side of the resolved RSTE in Eq. 6 take the following form (see, e.g., [22])

Cij = −〈ũk〉
∂〈ũ′iũ′j〉
∂xk

, (9)

Pij = −
(
〈ũ′j ũ′k〉

∂〈ũi〉
∂xk

+ 〈ũ′iũ′k〉
∂〈ũj〉
∂xk

)
, (10)

Tij = −
∂〈ũ′iũ′j ũ′k〉

∂xk
, (11)

Dp,ij = −
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∂〈ũ′ip̃′〉
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∂〈ũ′j p̃′〉
∂xi

)
, (12)
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∂xi
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, (13)

Dν,ij = ν
∂2〈ũ′iũ′j〉
∂xk∂xk
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εij = −2ν

〈
∂ũ′i
∂xk

∂ũ′j
∂xk

〉
, (15)

Πij = −

(〈
ũ′j
∂τdik
∂k

〉
+

〈
ũ′i
∂τdjk
∂k

〉)
. (16)

Here, ũi is the filtered velocity, p̃ is the filtered modified kinematic pressure, τdij is the deviatoric part of
the SGS tensor, ν is the kinematic viscosity, 〈 · 〉 is an expectation operation taken as time-averaging in

this study, and the fluctuating variables are defined as f̃ ′ = f̃ − 〈f̃〉. Note that this representation of the
SGS term used here differs from [22], where it is decomposed into two parts, however, in this study, the
full SGS contribution is kept as a single term. The explicit SGS term used here in the resolved RSTE
can be written as

Πij = 2

(〈
ũ′j
∂(νtS̃ik)

∂k

〉
+

〈
ũ′i
∂(νtS̃jk)

∂k

〉)
. (17)

Before moving on, it is important to highlight that because OpenFOAM® uses a Cartesian coordinate
system, all derivative operations needed for calculating the terms in the Cartesian RSTE budget can be
evaluated directly using OpenFOAM® functionality. However, several additional fields, which are not
native to OpenFOAM®, still need to be added and averaged. Further discussion of these and other
implementation details are given in Section 3.

2.3. Alternative coordinate systems. While the Cartesian formulation of the RSTE discussed in 2.2
above is the one most commonly used, the RSTE can in principle be derived in any coordinate system.
This can be done by deriving the RSTE in general tensor form, valid for arbitrary curvilinear coordinate
systems, using tools from tensor calculus [24]. The particular form for a given coordinate system then
follows directly by specifying the relevant geometric and differential quantities, e.g., the metric tensor and
the nabla (∇) operator. However, the resulting RSTE formulations for non-Cartesian cases are typically
much more involved. Furthermore, in OpenFOAM®, everything is required to be calculated using the
Cartesian quantities available during the simulation, which adds an additional level of complexity. The
implementation of the RSTE in non-Cartesian coordinate systems is therefore not pursued in this work.
Although non-Cartesian coordinate systems are not pursued directly, the current implementation still
gives access to the TKE budget, which is coordinate-independent (the trace is the first invariant of a
second-rank tensor). This is illustrated further in 4.3 for the case of pipe flow.

3. Implementation details

This section discusses the resolved RSTE implementation details. Initially, a quick overview of the
standard fields available in OpenFOAM® and how their means are calculated is provided for reference.
The resolved mean velocity, mean pressure, and Reynolds stresses are defined as follows

〈ũi〉, 〈p̃〉, 〈ũ′iũ′j〉. (18)

While it is clear how 〈ũi〉 and 〈p̃〉 can be calculated on the fly, however, it is less immediately apparent
for the Reynolds stresses and other higher-order statistics. In order to achieve this, and following the
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methodology in OpenFOAM®, the resolved Reynolds stresses are rewritten as

〈ũ′iũ′j〉 = 〈ũiũj〉 − 〈ũi〉〈ũj〉, (19)

and then the term 〈ũiũj〉 is calculated on the fly, similar to 〈ũi〉 and 〈p̃〉. The Reynolds stresses 〈ũ′iũ′j〉
can then be calculated from 〈ũi〉 and 〈ũiũj〉 when needed for write-out or additional calculations. Beyond
the mean velocity and Reynolds stresses, several additional fields are required for the RSTE budget. The
general strategy taken in the implementation is to use built-in OpenFOAM® functionality as much as pos-
sible. However, this comes at the cost of the current implementation being somewhat memory inefficient.
Specifically, defining additional fields is done using the components, grad, and multiply functionalities.
The averaging of these new fields is then performed using fieldAverage.

Below, each term in the resolved RSTE budget is reviewed, any potential additional fields required are
identified, and the calculation of their averaging is discussed. Likewise, examples of the OpenFOAM®

code for calculating the different terms are also given to illustrate the implementation.

3.1. Convective term. The resolved convective term is given by

Cij = −〈ũk〉
∂〈ũ′iũ′j〉
∂xk

. (20)

For the implementation, the convective term is written in conservative form as follows

Cij = − ∂

∂xk

(
〈ũk〉〈ũ′iũ′j〉

)
. (21)

The implementation then boils down to calculating the vectors (k being the vector index)

〈ũk〉〈ũ′iũ′j〉, (22)

for all i and j in the upper diagonal, taking the divergence of these vectors using the div functionality, and
then collecting them appropriately in a volSymmTensorField. The OpenFOAM® code for calculating
C11 (denoted Cxx in the code) is given in Lst. 1.�

1 // −−−−−−−−−− Calculate Cxx component −−−−−−−−−− //
2 volVectorField u uu // Define field to store vector
3 (
4 IOobject
5 (...),
6 mesh(),
7 dimensionedVector
8 (
9 "zero",

10 dimVelocity*dimVelocity*dimVelocity,
11 vector::zero
12 )
13 );
14 // Calculate vector
15 // Here u, v, and w are vel. comps. and uu is the xx Reynolds stress comp.
16 vectorField& resultxx = u uu.ref();
17 forAll(resultxx, i)
18 {
19 resultxx[i].x() = u[i] * uu[i];
20 resultxx[i].y() = v[i] * uu[i];
21 resultxx[i].z() = w[i] * uu[i];
22 }
23 u uu.correctBoundaryConditions();
24 // Calculate divergence
25 volScalarField Cxx
26 (
27 IOobject
28 (...),
29 fvc::div(u uu)
30 );
31 Cxx.correctBoundaryConditions();� �

Listing 1. Calculation of the convective term of the RSTE budget.
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3.2. Production term. The resolved production term is given by

Pij = −
(
〈ũ′j ũ′k〉

∂〈ũi〉
∂xk

+ 〈ũ′iũ′k〉
∂〈ũj〉
∂xk

)
. (23)

For the implementation, the velocity gradient tensor is first calculated from the mean velocity using grad
and is then contracted with the Reynolds stress tensor. The resulting tensor is then made symmetric
using the symm functionality, and the negative sign is added. Note that symm includes a factor of a
half, which is compesentated by multiplying the result by two. The OpenFOAM® code for calculating
the full production term is provided in Lst. 2.�

1 // −−−−−−−−−− Calculate production term −−−−−−−−−− //
2
3 // Calculate velocity gradient tensor
4 volTensorField gradUMean = fvc::grad(UMean);
5
6 // Calculate production
7 volSymmTensorField P ij RSTE
8 (
9 IOobject

10 (
11 prodOutNm, mesh().time().timeName(),
12 mesh(), IOobject::NO READ,
13 IOobject::AUTO WRITE
14 ),
15 −2.0 * symm(RMean & gradUMean)
16 );
17 P ij RSTE.correctBoundaryConditions();� �

Listing 2. Calculation of the production term of the RSTE budget.

3.3. Turbulent transport term. The resolved turbulent transport term is given by

Tij = −
∂〈ũ′iũ′j ũ′k〉

∂xk
. (24)

Here, the triple products 〈ũ′iũ′j ũ′k〉 are additional fields that needs to be calculated and averaged. The
idea is to expand them, similar to the Reynolds stresses, to allow on-the-fly averaging. Specifically, using
ũ′i = ũi − 〈ũi〉, the triple correlation can be expanded as

〈ũ′iũ′j ũ′k〉 = 〈ũiũj ũk〉 − [〈ũi〉〈ũj ũk〉+ 〈ũj〉〈ũiũk〉+ 〈ũk〉〈ũiũj〉]
+ 3〈ũi〉〈ũj〉〈ũk〉 − 〈ũi〉〈ũj〉〈ũk〉

= 〈ũiũj ũk〉 − [〈ũi〉〈ũj ũk〉+ 〈ũj〉〈ũiũk〉+ 〈ũk〉〈ũiũj〉] + 2〈ũi〉〈ũj〉〈ũk〉.
(25)

The terms in the square parentheses can be further rewritten using ũi = 〈ũi〉+ ũ′i to get

[〈ũi〉〈ũj ũk〉+ 〈ũj〉〈ũiũk〉+ 〈ũk〉〈ũiũj〉] = 3〈ũi〉〈ũj〉〈ũk〉+
[
〈ũi〉〈ũ′j ũ′k〉+ 〈ũj〉〈ũ′iũ′k〉+ 〈ũk〉〈ũ′iũ′j〉

]
. (26)

Putting it all together, the following relation is obtained

〈ũ′iũ′j ũ′k〉 = 〈ũiũj ũk〉 −
[
〈ũi〉〈ũ′j ũ′k〉+ 〈ũj〉〈ũ′iũ′k〉+ 〈ũk〉〈ũ′iũ′j〉

]
− 〈ũi〉〈ũj〉〈ũk〉. (27)

Thus, to summarise, the resolved mean velocities 〈ũi〉, the Reynolds stresses 〈ũ′iũ′j〉, and the triple-
velocity-products 〈ũiũj ũk〉 are needed. The triple-products are constructed by using components on
the velocity and then using the multiply functionality to get the required products. The averaging is
done using fieldAverage. After calculating the fluctuating triple-products 〈ũ′iũ′j ũ′k〉 using Eq. 27, they
are collected together in vectors (k is the vector index) for every i and j, similar to the convective term.
The divergences of these vectors are then calculated using div, the negative sign is added, and, finally,
everything is collected in a volSymmTensorField. The OpenFOAM® code for calculating T11 (denoted
Txx in the code) is given in Lst. 3.
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1 // −−−−−−−−−− Calculate Txx component −−−−−−−−−− //
2
3 // Define field to store vector
4 volVectorField UxUxUk
5 (
6 IOobject
7 (
8 "UxUxUk_tmp",
9 mesh().time().timeName(),

10 mesh(), IOobject::NO READ,
11 IOobject::NO WRITE
12 ),
13 mesh(),
14 dimensionedVector
15 (
16 "zero",
17 dimVelocity*dimVelocity*dimVelocity,
18 vector::zero
19 )
20 );
21
22 // Calculate vector (<u’u’u’>, <u’u’v’>, <u’u’w’>)
23 vectorField& resultxx = UxUxUk.ref();
24 forAll(resultxx, i)
25 {
26 resultxx[i].x() = ( uuu[i]
27 − (u[i] * uu[i] + u[i] * uu[i] + u[i] * uu[i])
28 − u[i] * u[i] * u[i] );
29 resultxx[i].y() = ( uuv[i]
30 − (u[i] * uv[i] + u[i] * uv[i] + v[i] * uu[i])
31 − u[i] * u[i] * v[i] );
32 resultxx[i].z() = ( uuw[i]
33 − (u[i] * uw[i] + u[i] * uw[i] + w[i] * uu[i])
34 − u[i] * u[i] * w[i] );
35 }
36 UxUxUk.correctBoundaryConditions();
37
38 // Calculate divergence
39 volScalarField Txx
40 (
41 IOobject
42 (
43 outputTxx,
44 mesh().time().timeName(),
45 mesh(),
46 IOobject::NO READ,
47 IOobject::AUTO WRITE
48 ),
49 fvc::div(UxUxUk)
50 );
51 Txx.correctBoundaryConditions();� �

Listing 3. Calculation of the turbulent transport term of the RSTE budget.

3.4. Viscous diffusion term. The resolved viscous diffusion term is given by

Dν,ij = ν
∂2〈ũ′iũ′j〉
∂xk∂xk

, (28)

and does not require any new fields. It only requires the calculation of the Laplacian of the Reynolds
stresses using laplacian. However, an explicit calculation of the Laplacian was observed to give spurious
results at the first off-wall cell centre. Therefore, in the implementation, these values are overwritten
with the value from the nearest wall-normal neighbour. Hence, the OpenFOAM® code for calculating
the full viscous diffusion term is provided in Lst. 4.
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1 // −−−−−−−−−− Calculate viscous diffusion term −−−−−−−−−− //
2
3 volSymmTensorField D ij RSTE
4 (
5 IOobject
6 (
7 viscDiffOutNm, mesh().time().timeName(),
8 mesh(),
9 IOobject::NO READ,

10 IOobject::AUTO WRITE
11 ),
12 nu * fvc::laplacian(RMean)
13 );
14
15 // −−−−−−−−−− Additional code for first cell interpolation −−−−−−−−−− //
16 // ... code not included for brevity...� �

Listing 4. Calculation of the viscous diffusion term of the RSTE budget.

3.5. Pressure diffusion term: The resolved pressure diffusion term is given by

Dp,ij = −
(
∂〈ũ′j p̃′〉
∂xi

+
∂〈ũ′ip̃′〉
∂xj

)
, (29)

where it should be remembered that p̃ is the modefied kinematic pressure. The double-correlations are
then expanded as follows

〈ũ′ip̃′〉 = 〈ũip̃〉 − 〈ũi〉〈p̃〉. (30)

Next, multiply is used to create a new field for the velocity-pressure product and the averaging is done
using fieldAverage. The gradient tensor corresponding to 〈u′ip′〉 is calculated, symmetrized using symm,
and the negative sign is added. The factor of a half from symm is compensated for by multiplying with
two. The OpenFOAM® code for calculating the full pressure diffusion term is provided in Lst. 5.�

1 // −−−−−−−−−− Calculate pressure diffusion term −−−−−−−−−− //
2
3 // Calculate fluctuating velocity−pressure product
4 volVectorField UPrimePPrimeMean
5 (
6 IOobject
7 (
8 ...
9 ),

10 UpMean − (UMean * pMean)
11 );
12
13 // Calculate corresponding gradient tensor
14 volTensorField gradUPrimePPrimeMean = fvc::grad(UPrimePPrimeMean);
15
16 // Calculate pressure diffusion
17 volSymmTensorField Dp ij RSTE
18 (
19 IOobject
20 (
21 ...
22 ),
23 −2.0 * symm(gradUPrimePPrimeMean)
24 );
25 Dp ij RSTE.correctBoundaryConditions();� �

Listing 5. Calculation of the pressure diffusion term of the RSTE budget.
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3.6. Pressure-strain term. The resolved pressure-strain term is given by

Φij =

〈
p̃′
(
∂ũ′i
∂xj

+
∂ũ′j
∂xi

)〉
= 2〈p̃′S̃′ij〉, (31)

where it should be remembered that p̃ is the modified kinematic pressure and S̃′ij is the filtered fluctuating
rate-of-strain tensor. The double correlation is expanded as follows

〈p̃′S̃′ij〉 = 〈p̃S̃ij〉 − 〈p̃〉〈S̃ij〉. (32)

In terms of implementation, a new field consisting of the product of the pressure and the velocity gradient
tensor is introduced using multiply. This field is subsequently averaged using fieldAverage. The remaining
calculations are given in Lst. 6.�

1 // −−−−−−−−−− Calculate pressure−strain term −−−−−−−−−− //
2
3 // Calculate SijMean from UMean
4 volSymmTensorField SijMean = symm(fvc::grad(UMean));
5
6 // Calculate pSijMean from pGradUMean
7 volSymmTensorField pSijMean = symm(pGradUMean);
8
9 // Calculate pressure−strain

10 volSymmTensorField Phi ij RSTE
11 (
12 IOobject
13 (
14 Phi ij RSTE,
15 mesh().time().timeName(),
16 mesh(),
17 IOobject::NO READ,
18 IOobject::AUTO WRITE
19 ),
20 2.0 * (pSijMean − pMean * SijMean)
21 );
22 Phi ij RSTE.correctBoundaryConditions();� �

Listing 6. Calculation of the pressure strain term of the RSTE budget.

3.7. Dissipation term. The resolved dissipation term is given by

εij = 2ν

〈
∂ũ′i
∂xk

∂ũ′j
∂xk

〉
. (33)

The double correlations are then expanded as〈
∂ũ′i
∂xk

∂ũ′j
∂xk

〉
=

〈
∂ũi
∂xk

∂ũj
∂xk

〉
− ∂〈ũi〉

∂xk

∂〈ũj〉
∂xk

. (34)

Thus, there is a need to introduce new fields for the velocity gradient products. This is done using grad
to get the velocity gradients and multiply to construct the products. The averages are then calculated
using fieldAverage. The implementation then primarily involves summing up all the scalar contributions.
The OpenFOAM® code is provided in Lst. 7.

3.8. SGS term. The SGS term for an eddy viscosity model is given by

Πij = 2

(〈
ũ′j
∂(νtS̃ik)

∂k

〉
+

〈
ũ′i
∂(νtS̃jk)

∂k

〉)
. (35)

Then, using ũ′i = ũi − 〈ũi〉, the double-correlations are decomposed as follows

Π∗ij = 2

(〈
ũj
∂(νtS̃ik)

∂k

〉
+

〈
ũi
∂(νtS̃jk)

∂k

〉)
− 2

(
〈ũj〉

〈
∂(νtS̃ik)

∂k

〉
+ 〈ũi〉

〈
∂(νtS̃jk)

∂k

〉)
. (36)
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1 %\begin{lstlisting}[emph={ddt,div,laplacian}]
2 // −−−−−−−−−− Calculate dissipation term −−−−−−−−−− //
3
4 // Define volSymmTensorField
5 volSymmTensorField eps ij
6 (
7 IOobject
8 (
9 outputeps ij,

10 mesh().time().timeName(),
11 mesh(),
12 IOobject::NO READ,
13 IOobject::AUTO WRITE
14 ),
15 mesh(),
16 dimensionedSymmTensor
17 (
18 "zero",
19 dimensionSet(0 ,2 ,−3 ,0 ,0 ,0 ,0),
20 symmTensor::zero
21 )
22 );
23
24 // Calculate dissipation
25 symmTensorField& eps ij Field = eps ij.ref();
26 forAll(eps ij Field, i)
27 {
28
29 // Only eps xx calculation for illustration
30 eps ij Field[i].xx() = ( 2.0 * nu.value() *
31 ( (dUxxdUxx[i] + dUyxdUyx[i] + dUzxdUzx[i])
32 − ( gradUxx[i] * gradUxx[i]
33 + gradUyx[i] * gradUyx[i]
34 + gradUzx[i] * gradUzx[i] )
35 )
36 );
37
38 // Remaining components
39 // ... not included for brevity...
40 }
41 eps ij.correctBoundaryConditions();� �

Listing 7. Calculation of the dissipation term of the RSTE budget.

Thus, several new fields need to be introduced. Further, the divergences ∂(νtS̃ik)/∂k cannot be cal-
culated directly using built-in OpenFOAM® functionality. Therefore, a custum coded function object is
made for this purpose. In full, ∂(νtS̃ik)/∂k is constructed by first calculating the velocity gradient tensor
using grad and then multiplied with νt using multiply. The coded function object then symmetrizes this
product using symm and calculates the divergence using div. Next, the products ũj∂(νtS̃ik)/∂k are con-

structed using multiply on the velocity components and ∂(νtS̃ij)/∂k. These fields, i.e., ∂(νtS̃ik)/∂k and

ũj∂(νtS̃ik)/∂k, are then averaged using fieldAverage. The products 〈ũj〉〈∂(νtS̃ik)/∂k〉 are also constructed

using multiply. This gives all the components needed for calculating the SGS term. The OpenFOAM®

code putting all the components together is given in Lst. 8.

4. Results

The resolved RSTE budget implementation is tested on two different wall-bounded turbulent flows:
channel and pipe. An overview of the simulation setups is given in 4.1. This is followed by the channel
flow results in 4.2 and the pipe flow results in 4.3. Since second-order-accurate numerical simulations
following the finite volume method are performed in this study, it is not expected that the results fully
match the DNS reference data. The reader is reminded that the aim of this study is to show, provide,
and validate a seamless and correct calculation of the resolved RSTE budget with OpenFOAM®, not
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to match spectral-high-order data from DNS results. For brevity and simplicity of the presentation of
the results, the ”resolved” before, e.g., RSTE, is dropped below together with the ·̃ notation for filtered
variables.�

1 // −−−−−−−−−− Calculate SGS term −−−−−−−−−− //
2
3 // Constructing SGS as a volSymmTensorField
4 volSymmTensorField SGS ij RSTE
5 (
6 IOobject
7 (
8 sgsOutNm,
9 mesh().time().timeName(),

10 mesh(),
11 IOobject::NO READ,
12 IOobject::AUTO WRITE
13 ),
14 2.0 * symm(2.0 * divNutSijUMean) − 2.0 * symm(2.0 * divNutSijMean UMean)
15 );
16 SGS ij RSTE.correctBoundaryConditions();� �

Listing 8. Calculation of the SGS term of the RSTE budget.

4.1. Simulation details. An overview of the solvers is provided, as well as numerical schemes, SGS
modeling, and meshing used in the simulations. Note that the numerical schemes, SGS modeling, and
meshes take inspiration from previous efforts in OpenFOAM®-based LES [25–28].

The pimpleFoam solver based on the PIMPLE algorithm is used with a single outer correction (PISO-
like mode), two inner correctors for the pressure-velocity coupling, one non-orthogonal corrector per
iteration, and the momentum predictor is enabled. Time derivatives are discretised using the second-
order backward scheme, and adaptive time stepping is used to ensure a Courant-Friedrichs-Lewy (CFL)
number below 0.5. Spatial gradients and divergence terms are computed with the Gauss linear method.
Viscous terms also use the Gauss linear scheme with non-orthogonal correction. Linear interpolation is
used for cell-face values, and surface-normal gradients are corrected for mesh non-orthogonality. To drive
the flow, a momentum source is added using meanVelocityForce to enforce a bulk velocity of Ub = 1.
The forcing is time-dependent but uniform in space. To ensure Reτ = 180 in the simulations, the
corresponding bulk Reynolds numbers must be matched. These are Ub = 2857 for channel (from [21])
and Ub = 5300 for pipe (from [20]), which gives the resulting kinematic viscosities as ν = 3.5× 10−4 and
ν = 1.9 × 10−4, respectively. The momentum equations are solved using a preconditioned biconjugate
gradient stabilised (PBiCGStab) solver with a diagonal incomplete LU (DILU) precondition. Furthemore,
the linear system for the pressure is solved using a preconditioned conjugate gradient (PCG) solver with a
geometric–algebraic multigrid (GAMG) preconditioner and a diagonal incomplete–Cholesky Gauss–Seidel
(DICGaussSeidel) smoother with two post-sweeps. Finally, tight absolute numerical tolerances are applied
to the final iterations for both velocity and pressure.

For SGS modelling, the Wall-Adapting Local Eddy-viscosity (WALE) model [29] is used. This SGS
model expresses the turbulent eddy-viscosity using the square of the velocity gradient tensor. Denoting
the filtered velocity gradient tensor as g̃ij = ∂ũj/∂xi, the traceless symmetric part of the square of the
velocity gradient tensor is

ξ̃ij =
1

2

(
g̃2
ij + g̃2

ji

)
− 1

3
g̃2
kk, (37)

where g̃2
ij = g̃ikg̃kj . The turbulent eddy viscosity for the WALE model can then be written as

νWALE
t = (Cw∆)2 (ξ̃ij ξ̃ij)

3/2

(S̃ijS̃ij)5/2 +
(
ξ̃ij ξ̃ij

)5/4
, (38)

where Cw is a constant, i.e., it is not tuned dynamically.
For both channel and pipe, structured hexahedral meshes are used. In both cases, the meshes are close

to isotropic in the core of the flow and are then stretched towards the walls to provide sufficient near-wall
resolution. An illustration of the meshes is shown in Fig. 1.
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x

y

(a) Channel flow mesh.

y

z

(b) Pipe flow mesh.

Figure 1. Mesh topology for channel (Fig. 1a) and pipe flow (Fig. 1b). The number
of cells has been reduced in this figure for visualisation purposes.

To assess the resolution requirements where the RSTE from LES start to faithfully reproduce the
full RSTE from DNS, a mesh refinement campaign for both channel and pipe has been performed. A
summary of the meshes used for the different cases is given in Tab. 1.

Channel cases Ntot
Centre Wall

∆x+
c ∆y+

c ∆z+
c ∆x+

w ∆y+
w ∆z+

w

L1 131 072 17.7 17.4 17.7 17.7 0.87 17.7

L2 389 344 12.3 13.7 12.3 12.3 0.43 12.3

L3 1 048 576 8.8 10.5 8.8 8.8 0.26 8.8

L4 2 916 000 6.3 7.9 6.3 6.3 0.16 6.3

Pipe cases Ntot
Centre Wall

∆z+
c ∆r+

c R∆θ+
c ∆z+

w ∆r+
w R∆θ+

w

L1 536 640 15 3.9 3.1 15 0.07 2.7

L2 1 173 120 7.5 3.9 3.1 7.5 0.04 2.7

L3 3 400 800 2.7 3.9 3.1 2.7 0.02 2.7

Table 1. Mesh resolution summary for channel and pipe flow simulations. The table
shows the total number of grid points (Ntot) and the dimensionless cell sizes in wall units
(∆+) for both centre and wall regions. Centre cell sizes represent the mesh resolution in
the bulk flow region, while wall cell sizes correspond to the near-wall mesh refinement.
The wall-normal direction (y for channel, r for pipe) shows the finest resolution near the
walls.

4.2. Channel Flow. To ensure a correct implementation of the RSTE budget in LES, results for different
meshes are compared against DNS data from [21] of channel flow at Reτ = 180. This section displays
1D-mean values obtained by performing a stream-span-wise spatial average of the first and second order
statistics of the velocity—〈ui〉, k, Rij—as well as the RSTE budget terms for the 4 main components of
the tensor—11, 22, 33, 12. Here, 1, 2, and 3 refer to the streamwise, wall-normal, and spanwise directions,
respectively. All values are shown in wall units.

As seen in Fig. 2, the turbulent flow profile of the velocity and TKE are predicted with increased
accuracy by the finer meshes. Both in magnitude and gradients, meshes with fineness above L3 predict
the velocity and TKE with marginal deviations from DNS data and display physical consistency. The
mean velocity profile exhibits the characteristic logarithmic region in the range y+ ∈ [30, 100], where
the velocity follows the law of the wall. The TKE profile shows a known maximum in the buffer region
around y+ ≈ 15; this maximum arises from the intense shear production of turbulence, which is highest in
this region, coupled with the onset of viscous dissipation, which becomes dominant closer to the wall. In
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Figure 2. Velocity 〈ui〉 and TKE k profiles.

terms of TKE prediction, the finer meshes capture the near-wall behaviour more accurately, particularly
in the buffer layer (5 < y+ < 30), where gradients are steepest.
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Figure 3. Profiles of Rij , specifically components 11, 22, 33, and 12.

Similarly, in Fig. 3, the 11, 22, 33, and 12 components of the Rij are predicted with increased accuracy
by the finer meshes. Gradients are predicted following DNS data, although the magnitudes of the 22 and
33 components do not fully match DNS results at regions y+ ∈ [25− 75]. It should be noted that some
discrepancies are expected in turbulence simulations when comparing results from solvers with different
numerics [30]. Nonetheless, these uncertainties associated with numerics do not fully account for observed
differences. Instead, the major contributor to the observed difference is likely the dissipative numerics in
OpenFOAM®, which is discussed in further detail in [31]. The R11 component (streamwise normal stress)
shows the largest magnitude, peaking in the buffer region due to the strong mean shear production. The
R22 and R33 components (wall-normal and spanwise normal stresses) are smaller in magnitude, reflecting
the anisotropic nature of wall-bounded turbulence. The R12 component (Reynolds shear stress) is crucial
for momentum transport and shows a maximum around y+ ≈ 30, where the production term balances
the pressure-strain correlation.
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Figure 4. RSTE budget for the streamwise normal stress component 〈u′1u′1〉.

Figure 4 presents the RSTE budget for the streamwise component R11. The budget terms include
production P+

11, turbulent transport T+
11, viscous diffusion D+

11, pressure-strain correlation Φ11, pressure-
diffusion D+

p,11, and viscous dissipation ε+
11. The production term is the dominant source, converting mean

flow energy into turbulent fluctuations. This is balanced primarily by the pressure-strain correlation,
which acts as a sink term here by redistributing energy from the streamwise direction to the wall-normal
and spanwise components, and by the dissipation term. The turbulent transport and pressure diffusion
terms are responsible for spatially redistributing the energy away from the maximum production region
near the wall. The simulation predictions for all terms follow the previously seen trends — results on
finer meshes more accurately follow DNS data, and all results show accurate gradients and magnitudes.
In the DNS reference data, the pressure-diffusion term is given as zero; however, the simulation data
shown is displayed with the remaining numerical fluctuations on the order of 10−11, which is close to the
numerical precision used.

The budget for the wall-normal component R22 is shown in Fig. 5. It is important to highlight that
R22 has no direct production term since the mean wall-normal velocity is zero. Its energy is supplied
entirely by the pressure-strain correlation Φ22, which acts as a source term by redirecting the excess
energy from the streamwise component. A significant portion of this term is explained by the wall-
reflection effect, which damps wall-normal fluctuations and enhances in-plane fluctuations. This energy
gain is then balanced by dissipation and spatial transport. Once again, finer meshes more accurately
predict DNS data and DNS trends are followed in all predictions. The greatest discrepancy in the data is
shown at ε+

22; nonetheless the data shows that further mesh refinement tends towards the DNS reference.
For P+

22, the numerical fluctuactions are on the order of 10−4, which are considered acceptable.
The spanwise component budget in Fig. 6 displays the transport equation for R33. Similar to the

wall-normal component, it has no direct production and relies on energy redistribution via the pressure-
strain correlation Φ33. The spanwise component typically shows the smallest magnitude among the
normal stresses, reflecting the quasi-two-dimensional nature of the large-scale structures in wall-bounded
turbulence. The pressure-strain correlation acts to maintain a degree of isotropy by feeding the spanwise
component, although the overall anisotropy is preserved due to the wall constraint. The other budget
terms, such as dissipation ε+

33, act as sinks and balance the budget.
Figure 7 shows the Reynolds shear stress budget for R12, which is fundamental to understanding

momentum transport. The production term P+
12 arises from the interaction between the mean velocity

gradient and the wall-normal Reynolds stress. This production is primarily balanced by the pressure-
strain correlation Φ12, which acts to destroy the shear stress. The balance between these two terms is what
eddy-viscosity models attempt to approximate with an algebraic relation. The finer meshes capture this
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Figure 5. RSTE budget for the wall-normal stress component 〈u′2u′2〉.
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Figure 6. RSTE budget for the spanwise normal stress component 〈u′3u′3〉.

balance more accurately, particularly in the near-wall region where viscous diffusion becomes important.
As seen in previous results, the 12 term of the RSTE burger follows similar trends where finer meshes
are more accurate and simulation results predict DNS data with marginal accuracy.

The turbulent kinetic energy budget in Fig. 8 provides the overall energy balance for the turbulent
fluctuations. The production term P+

k represents the energy extracted from the mean flow and is bal-
anced by dissipation ε+, which converts turbulent energy to heat. The remaining terms represent the
spatial redistribution of the energy. In the log-law region, production and dissipation are in approximate
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Figure 7. RSTE budget for shear stress component 〈u′1u′2〉.
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Figure 8. Comparison for the TKE budget.

equilibrium, a key assumption in many turbulence models. Near the wall, transport by viscous diffusion
becomes a critical source of energy, while dissipation remains the primary sink. The finer meshes cap-
ture this balance more accurately, particularly in the near-wall region where the gradients are steepest.
Similarly, the pressure-strain terms are observed to converge towards zero as the mesh is refined.

To end this section, the SGS contributions to each of the RSTE budgets are also considered. These
are shown in Fig. 9. As expected, the SGS contributions converge towards zero as the mesh is refined,
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highlighting the diminishing contribution from unresolved fluctuations. Additionally, the SGS contribu-
tions are seen to be small compared with the remaining terms in the RSTE budgets, which is especially
evident on the finer meshes.
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Figure 9. The SGS term Πij from each of the RSTE budgets.

4.3. Pipe Flow. To further illustrate the correct implementation of the RSTE budget, another canonical
flow case is simulated in the same fashion as the previous channel flow results for different meshes. The
results are then compared against DNS reference data from [20] of pipe flow at Reτ = 180. Therefore, this
section displays 1D-mean values of the first and second order statistics of the velocity—〈ui〉, k, Rij—as
well as the TKE budget, which is the trace of the RSTE budget. As the trace is a scalar, it is an invariant
and issues related to a change in coordinate-change are avoided. All values are shown in wall units.
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Figure 10. Streamwise velocity 〈uz〉 and TKE k profiles.

Figure 10 presents the velocity and TKE profiles for pipe flow, which can be directly compared with
the channel flow results. The pipe flow exhibits similar characteristics to channel flow, with the mean
velocity following the law of the wall in the logarithmic region. However, the pipe geometry introduces
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subtle differences mainly due to the curvature of the pipe walls, which is not present in the channel case.
The TKE profile shows a maximum in the buffer region, similar to channel flow, but this maximum
location may differ slightly due to the curvature of the conduit. The finer meshes capture both the mean
velocity and TKE profiles with improved accuracy, particularly in the near-wall region.
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Figure 11. Profiles of Rij , specifically components zz, rr, θθ, and zr.

The Reynolds stress components in pipe flow, shown in Fig. 11, demonstrate the same general trends
as channel flow, with the streamwise component Rzz being the largest and the circumferential component
Rθθ being the smallest. The wall-normal radial component Rrr and the radial shear stress component
Rzr show similar behaviour to channel flow, though the coordinate system differences (cylindrical vs.
Cartesian) may introduce subtle variations in the interpretation of these components. The finer meshes
provide improved prediction of the Reynolds stress profiles, particularly in the buffer region where the
stresses peak and the gradients are significant.

Figure 12 displays the trace of the RSTE budget components, which is equivalent to the TKE budget.
As the trace of a tensor is an invariant, this quantity is independent of the coordinate system used.
This makes it an excellent tool for validation, as it confirms that the fundamental energy balances of the
implementation are correct, irrespective of the geometric complexities introduced by the pipe’s cylindrical
coordinate system. The TKE budget shows the overall energy balance for the turbulent fluctuations, with
production balancing dissipation in the log-law region and viscous effects dominating near the wall. The
remaining terms act to redistribute the energy in space. As seen in previous cases, the finer meshes
capture this balance more accurately, demonstrating the correct implementation.

5. Conclusion

In this study, a comprehensive methodology for calculating the complete resolved RSTE budget from
LES within the OpenFOAM® framework has been successfully implemented and validated. The im-
plementation relies on standard OpenFOAM® utilities and post-processing functions to compute all
terms of the resolved RSTE budget in Cartesian coordinates, including convection, production, turbulent
transport, pressure-diffusion, pressure-strain, viscous diffusion, viscous dissipation, and, finally, the SGS
contribution.

The fidelity of the implementation was rigorously assessed by comparing results against DNS data
for two canonical wall-bounded turbulent flows: channel flow and pipe flow, both at a friction Reynolds
number of Reτ = 180. For the channel flow case, the predicted mean velocity, TKE, and Reynolds
stress profiles demonstrated reasonable agreement with DNS data. A mesh refinement study confirmed
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Figure 12. TKE budget of the pipe-flow simulation.

that the LES results systematically converge towards the reference data. Furthermore, the individual
budgets for the main components of the Reynolds stress tensor (R11, R22, R33, and R12) were also
considered, and its was found that the implementation correctly reproduces the complex interplay of
energy production, dissipation, and redistribution mechanisms that characterise near-wall turbulence.
While minor discrepancies with DNS data were observed, these are consistent with the inherent limitations
of the second-order-accurate finite volume numerics employed. The primary objective was the validation
of the resolved RSTE budget library, not the replication of high-order spectral DNS results. The pipe flow
simulation further corroborates the correct implementation of the RSTE budget. By analysing the TKE
budget—which is coordinate-invariant—it has been confirmed that the underlying energy balances are
correctly computed, irrespective of the geometry. This result highlights the robustness of the developed
RSTE budget tool.

The authors would like to highlight that the current version of the codebase is not fully optimal in
terms of memory or computational usage. In the near future, it would be favourable for the repository to
be updated to a library following more closely the conventional OpenFOAM® standards, and the tensor-
vector style characteristic of OpenFOAM®. Avoiding per-component tensor calculations and finding
methods to calculate the rank-3 tensor 〈uiujuk〉 following these standards are the main improvements
that initially could be addressed.

In conclusion, this work provides the scientific and engineering community with a validated, open-
source tool for conducting detailed RSTE budget analysis in OpenFOAM®. This utility enables deeper
insights into the physics of turbulence and serves as a valuable resource for the development and validation
of advanced turbulence models. Future efforts could be directed towards optimising the memory foot-
print of the implementation and extending its capabilities to directly handle cylindrical and/or spherical
coordinate systems, thereby broadening its applicability to more complex geometries.
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